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4 L. 

ELECTROMAGNETIC RESEARCH CORPORATION 

TtlE THEaRp OF TtlE CONDUCTIVITP PROBE 

I o  INTRCDUCTION 

The object of this memorandum is to discuss S a m  prelfininary results which 

have been obtained in an attempt to improve upon the theory of the conductivity 

probe. 

sumarieed belov for pusposes of ccmpletenese. 

The &sting fheorg of t h i s  device ia givea by Smith [l)*, and I s  

Coxmidm two metallic Spagss of unequal surface area which are electrical- 

l y  coillpleoteb, but phyaic&ly isolated. Be ie indicated in Fig. 1, a ourrent 

flows 

a8 a result of the applied voltage. The quantities V and I are the experimental- 

ly m e a s u r e d  parameters. The theory given by aith relatee these quantities 

to the capacitances of the spheres, and the polar conductivites, ot and u-, 

of' the plama in which the apparatus is hneireed. That is, e+ is the con- 

ductivity of the positively charged particles and u- is the conductivity of 

the negatively charged particles of the plasma. 

Fig, 1 is for purposes of illustration. 

The voltage polarl%y shown in 

In practice, the polarity is changed 

9 
Nw~bera in brackets refer to the corresponding mrnbers in the R e f e r e n c e s  

p. 9. 
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during the experiment [l]. 

In Seation 11 we diecuss the validity of the aasuuptima involved fn 

Smith's theory and indicate thmw which should be either discarded or Improved 

upon. 

which should be subetituted for the enprreasiun used by 4nith in hi8 data 

analysis (the restricted validity of which ie discussed in Section 111). 

Finally, Section SV is devoted to sane concluding reuark8. 

In Section 111 we give a derivation of the positive ion conductivitp 

11. SCME RWAFtKS ON sMI!I!"S ANALYSIS 

In d e r  to d e r e t a n d  the philosophy behind the preseart approaoh, it is 

necessary t o  ammine the assunptfons &e in hlithfs analysis. 'vie fir& Xis i t  

then uithaut melt. 

apace cherge is neglected 

the terrestrfal magnetic field 38 neglected 

the plaama is asauned homogeneous 

the radius of curvatures of the sheathe formed on the surfacss 

of the spheres are small  ecinpared t o  the radius of the smaller 

ephere (This assumption is not independent of aasmption (a) *) 

the charged particle densities are so EpBall canpared to the 

neutral particle density that collective effects may be ignored 

a l l  effects of the vehicle motion on the probe perfomance are 

neglected 

Now, in fact, Smith obeervee a linear current-voltage characteristic which 

indicates that  aesumptions (a) ard (d) are legitimate. 

data f o r  the D-region 123 shows that asstsuption (e) is satisfied, 

(a) are satisfied, than it is reasanable to expect that (c) w i l l  also be 

satisfied. Qualitatively speaking, one would not expect the magnetic field to  

A check on the tabulated 

If (a) and I 

~ 
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have a large effect on the gptnitudg of the coaductivites, so that we tentative- 

ly suppose that asamption (b) is legitiaate. Thie leave8 only assuuption (f) 

In doubt, We feel that t h i s  should be M e r  investigated. 

Ff the vaMcle velocity is greater than the theraal velocity of any of the 

plasm caponants,  the^ the particle distr ibutbn nemr the vehicle em-face can 

be grsatly affected. In turn, the probe perfomance can be expetad to change. 

In part3mlar, 

This point will not be investigated further here. 

It is not so much Smith’s analysis that w question here, but rather his 

interpretation of the data, 

nation of the positive ion density fmm the measured values of the voltage and 

currant. 

To illustrate t h i s  point, we consider the determi- 

From the measured values of current end voltage, Sopith determines values 

far the positive ion conductivity. In order to proceed ftrfher, o m  needs to 

know the functional dependence of the conductivity on the Ion density, Smith 

where w. = ion mass 

et = positive ion conductivity 

w = positive ion density 

e = electsonic charge 

v = collision f’requexacy of positive ions with the neutral 

particles 

It is the justification of this step that we question, 

Equation (1) is valid for charged particles moving freely among themwelves, 

but colliding with particles of another species. 

usually made in the derivation of (1) is  that the mass of the charged particle 

However, the assunptfoa 
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is  much less than that of the particles of the second species. In the present 

case, however, w e  are interested in the situation in w h i c h  the two types of 

particles are of canparable m a s s .  

come&. Whether it is or not d e w  upon the def'inition of the oollision 

fiequemcy, V. m t h  ie sam&rbat nebulous ooncerniag the source of his data 

far thie quantity. For these reasons, in the reolaindt8r of th is  report we 

consider a eiaple model to see if (1) is correct. 

Of courees it is possible that (1) %a 

111. DERIVATION OF POSI TIVE IO N COBlDDCTIVITX 

We seek below an expression for the conductivity of ions mattering against 

~f the neutral particles w i t h  110 restriction on %he reiafive &see eii? 

two particles. 

Thewe has been much work done on th ia  problen, We rafer to the books bp 

Loeb [3] and Hassey end Burhop [4] for reviews of the subject. dn approach 

From a more matheaaatical viewpoint is that of Warmier [ 5 ] ,  who gives a reeult 

which is directly applicable to the present p b l e ~ .  

It turns out that the case in which the two types of particles have 

comparable masses is d W i e u l t  k, work out. Indeed, part of ths calculation 

requires mnaerlcal methods, Fortunately, thia has already been performed by 

W&CW. 

In order to calculate the conductiviw, sme assunption must be made 

concerning the force law acting betweem the particles, 

are dealing with a short range force, the result should not depend critically 

Since, in any event, we 

upon this choice. In the light 

Maxwell force, This means that 

of these renarks it is convenient to assme a 

the scattering potential has the fonn, 

- Y  \r 
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where r is the h t e q a s t i c l e  distance, Actually, it is known that this is the 

correct force at large ;interparticle distances [4 ] .  The advantage in  choosing 

this  particular force law is that the relative velocity thsn cancels aut of 

the collision integral. The presence of this quantity canplicates the treatment 

With this assunption, Wannier [ 5 ]  finds for the average velocity i n  the 

uhere M = mass of neutral particlee 

E = external e lecbic  field corresponding t o  the applied voltage 

N = neutral particle density 

P = polariaability of the neutral particles 
i 

The polarizability is given by [4], 
h - I  

where K = dielectric constant of the medium 

NL= LoschmidtPs number = 2.7 x I.@’ an-3 

The positive ion conductivity is then, 

(3) 

tabulated values of N [2] w e  f i n d  that the values of a+ fmm ( 4 )  differ frcxa 

Smith’s measured values by a f a c b r  of appx?oldmately 2.5. 

It is instructive at. this point ‘to examhe more closely the physical fdeas 

contained in (4). It is u e l l - h ~ ~ ~  that it is more advantageous, when dfscussing 
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particles interacting by means of the polarization force, to  def'iae a mean 

h.ee time between collisions instead of a mean free path, since the collision 

cross seution varies inversely aa the approach speed of the particles. 

The mean free t5me is defined [5], 
t 

T =  N T  
where 

The result given in (2) i e  contained i n  ( 6 ) ,  although, a6 w i l l  be seen 

below, the evaluation of the average over tbe c o ~ ~ a i o n  p c e s s  of 2 Q O ~  
t 

$8 quit9 hV01Ved0 

According to classical crollision theory the scattering angle, X, is given 

by: 

where b i a  the ao-called impact parameter and % is the lower of the two 

positive m o t a  of the polynanial i n  the denuminator. 

no real roots, then the upper l imi t  of the integration is Infinity, 

If the polyxzanial has 



The existence of a reel root d-8 upon tbe nature of the orbit, If 

b is sufficiently Urge, 8 real root exists and the orbit fcr one b c h  of 

a qypsrbola. 

approaoh each other in spiral l ing orbits. These two classificratiaae of orbits 

are separated by a ulnitiag orblt in whieh the particles epiral aagprptoticd.ly 

into a circular orbit. This limiting orbit is found setting the polpianial 

For mafflclently d l  b, no,mot edsts and the particles . .  

in (7 )  equal to zero, Then one finds, 

the subscript s denoting spiralling collisiaaaa. 

The calculation of T for hyperbolic orbita is mom difficult and, in 

geararal, requires numerical nkethoda. 

&gin of the square mot facrtors in (2) 

The above analy8is shows, however, the 

which do not ocaur in (1) . 
Proceeding f’rcm (6 )  , Uaxmier derlves (2) taking into amount both the 

qypesbolic a d  S e d  orbits. The fact that tg 28 C0IlS-t ( l d e p d e o l t  of 

relative velocity) produces significant simplification . 
In  concluding thia eection we note that one need not be concerned with 

such involved orbit  coaaideratioas to  derive (1) e 

involve sufficieat physical consfderation for the present problen. 

However, ( 1) does not 

IV, ~ O N C L U D I N G R E M A R Q  

In view of the above discussion we conclude that (1) is not adequate for 

the purposes of the present problem. In general, we may say that when particles 
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of cmparable mass are colliding, one muet take careful account of the types 

of particle orbits which ocaur. (1) does not canfain enough detai l  for this 

purpoae. 

The acmclusian to be drawn f'ra~ the above dilrmesian is that Smith's 

( h p l u a t )  a88upLpfioll that t;he -8 Of tbe pOeitiVe h l 8  i 6  OntQh 1868 h 

the maas of the neutral particles is not valid. 

The correction to mth's analysis for ion mass is not, however, spffi- 

dent to give agrement w i t h  q e r i m e P l t .  A s  meatfoned previously, we propose 

that the corrections to the theory due to effecta of the vehicle velocity wil l  

close the gap. 

of the argument given above that effeuts due to the terrestrial magnetic f i e l d  

and apace charge should not be very important. 

These effects ahould represent the nrajor contribution in view 
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